Introduction and Results {#Sec1}
========================

Liu et al. \[[@CR10]\] examined the controllability of both real networks and network models. The models that were most relevant to them are the so-called scale-free networks, which are known to exhibit several characteristics, such as a power-law degree decay, of the networks observed in real-world applications. Informally, the controllability parameter of a network is defined as the minimum number $\documentclass[12pt]{minimal}
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                \begin{document}$$N_D$$\end{document}$ of nodes needed to control a network, e.g., the number of nodes that can shift molecular networks of the cell from a malignant state to a healthy state. They showed that the proportion $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D=N_D/|V(G)|$$\end{document}$ of nodes needed to control a finite network *G* equals one minus the relative size of the maximal directed matching (directed matching ratio, see Definition [1](#FPar6){ref-type="sec"}). This allows one to prove results on $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ by proving the corresponding statement for the directed matching ratio. In the paper \[[@CR10]\] it was also observed that the matching ratio is mainly determined by the degree sequence of the graph; more precisely, if the edges are randomized in a way that does not change the degrees, then the matching ratio does not change significantly. Furthermore, for the most widely used families of scale-free networks, the directed matching ratio converges to a constant. These two latter statements were based on numerical results, and for the last one methods from statistical physics were also used. In this paper we give rigorous mathematical proofs of these results on the directed matching ratio.

Our first theorem gives a quantitative result on the observation that the matching ratio is concentrated if we randomize the edges of a directed graph in a way that does not change the in- and out-degrees. Furthermore, we show that a similar concentration holds if we randomize the edges in such a way that preserves the total degrees but can alter the number of edges pointing to or from the particular vertices. For the definition of the random configuration model used in the next theorem, see Sect. [1.4](#Sec5){ref-type="sec"}.

Theorem 1 {#FPar1}
---------

(Concentration of the matching ratio) Consider sequences of in- and out-degrees $\documentclass[12pt]{minimal}
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                \begin{document}$$\sum _{j=1}^nd_j^-=\sum _{j=1}^nd_j^+$$\end{document}$ and let $\documentclass[12pt]{minimal}
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                \begin{document}$$d_j=d_j^++d_j^-$$\end{document}$. Denote by $\documentclass[12pt]{minimal}
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                \begin{document}$$e(G):=\sum _{j=1}^nd_j^-$$\end{document}$ the number of the edges.

\(1\) Let *G* be a random directed graph on *n* vertices given by the random configuration model conditioned on the event that the in- and out-degrees are $\documentclass[12pt]{minimal}
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                \begin{document}$$d_1^-,\dots ,d_n^-$$\end{document}$, respectively. Then the directed matching ratio *m*(*G*) of *G* satisfies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {\mathbb {P}}\left( |m(G)-{\mathbb {E}}(m(G))|>\varepsilon \right) \le 2\exp \left\{ -\frac{\varepsilon ^2n^2}{8e(G)} \right\} . \end{aligned}$$\end{document}$$(2) Let *G* be a random directed graph on *n* vertices given by the random configuration model conditioned on the event that the total degrees of the vertices are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_1,\dots , d_n$$\end{document}$. Then the directed matching ratio *m*(*G*) of *G* satisfies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {\mathbb {P}}\left( |m(G)-{\mathbb {E}}(m(G))|>\varepsilon \right) \le 2\exp \left\{ -\frac{\varepsilon ^2n^2}{8e(G)} \right\} . \end{aligned}$$\end{document}$$

Consider random graph models which ensure that the number of edges is $\documentclass[12pt]{minimal}
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                \begin{document}$$o(n^2)$$\end{document}$ with probability tending to 1. Theorem [1](#FPar1){ref-type="sec"} shows that for graph sequences given by such models, we have a strong concentration of the matching ratio around its mean in the re-randomized graphs with high probability. In particular, the above condition is satisfied if there is a uniform finite bound on the mean of the degrees with probability tending to 1. Erdős--Rényi graphs with parameters (*n*, *c* / *n*) or graphs given by the random configuration model with degree distribution $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {E}}\xi <\infty $$\end{document}$ have this property.

Our second result proves the convergence of the matching ratio in the most common families of directed networks. See Definitions [3](#FPar9){ref-type="sec"} and [4](#FPar11){ref-type="sec"} and Remark [2](#FPar10){ref-type="sec"} for the notion of graph convergence and Definition [5](#FPar12){ref-type="sec"} for unimodularity. For the graph models used in the theorem see Sect. [1.4](#Sec5){ref-type="sec"}.

Theorem 2 {#FPar2}
---------

(Almost sure convergence of the matching ratio for scale-free graphs) (1) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$ be a sequence of random (directed) finite graphs that converges to a random rooted (directed) graph (*G*, *o*) in the local weak sense. Then $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {E}}(m(G_n))$$\end{document}$ converges, namely$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{n\rightarrow \infty }{\mathbb {E}}(m(G_n))=\sup _M\mathrm {\mathbb {P}}_G\big (o\in V^{(+)}(M)\big ), \end{aligned}$$\end{document}$$where the supremum is taken over all (directed) matchings *M* of *G* such that the distribution of (*G*, *M*, *o*) is unimodular, and $\documentclass[12pt]{minimal}
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                \begin{document}$$V^{(+)}(M)$$\end{document}$ denotes the set of endpoints of the edges in *M* in the undirected case and the set of the heads of the edges of *M* in the directed case.
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                \begin{document}$$G_n$$\end{document}$ be a sequence of undirected finite graphs defined on a common probability space that converges almost surely in the local weak sense and let be a sequence of random directed graphs obtained from $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$ by giving each edge a random orientation independently. Then converges almost surely to the constant .
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                \begin{document}$$G_n$$\end{document}$ be the sequence of random directed graphs given by the preferential attachment rule. Then $\documentclass[12pt]{minimal}
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                \begin{document}$$m(G_n)$$\end{document}$ converges almost surely to the constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\lim _{n\rightarrow \infty }{\mathbb {E}}(m(G_n))$$\end{document}$.

The paper is organized as follows. In Sect. [1.1](#Sec2){ref-type="sec"} we state our main results in the language of control theory and summarize our contribution to the main topics of the paper \[[@CR10]\] of Liu, Slotine and Barabási.

In Sect. [2](#Sec6){ref-type="sec"} we present the proof of Theorem [1](#FPar1){ref-type="sec"}.

We prove Theorem [2](#FPar2){ref-type="sec"} in Sect. [3](#Sec7){ref-type="sec"}. In Sect. [3.1](#Sec8){ref-type="sec"} we prove part (1): in Theorem [6](#FPar22){ref-type="sec"} we show the convergence of the mean of the matching ratio. It was proven in \[[@CR8]\] that the limit of the matching ratio of local weak convergent sequences of *deterministic* finite graphs with a uniform bound on the degrees exists. Bordenave et al. \[[@CR6]\] removed the bounded degree assumption and gave a formula on the value of the limit of the matching ratio. We still need the context of random directed graphs, hence could not apply their result directly. We proceeded through an alternative definition of the matching ratio of the limit object, which looks more natural in our setting. However, the formula in \[[@CR6]\] for the matching ratio of the limit can be adapted, to obtain quantitative results on the asymptotic value of the directed matching ratio or controllability parameter of large random networks.

In Sect. [3.2.1](#Sec10){ref-type="sec"} we prove the results on the matching ratio that imply part (2). This part could also be proven using the concentration in Theorem [1](#FPar1){ref-type="sec"}, but we use another method, based on previous results. We prove that if a sequence of random directed graphs is obtained from a convergent deterministic graph sequence by orienting each edge independently, then it converges almost surely in the local weak sense, see Definition [4](#FPar11){ref-type="sec"}. This is our Lemma [5](#FPar33){ref-type="sec"} which is similar to Proposition 2.2 in \[[@CR7]\]. As a consequence, we get that for directed graphs obtained from almost sure convergent undirected graph sequences the matching ratios converge almost surely. This result applies for sequences given by the random configuration model or Erdős--Rényi random graphs.

In Sect. [3.2.2](#Sec11){ref-type="sec"} we prove the result that implies part (3) of Theorem [4](#FPar5){ref-type="sec"}. The method used in Sect. [3.2.1](#Sec10){ref-type="sec"} does not apply to the preferential attachment graphs (we cannot start from an a priory almost sure convergence of the undirected graph sequence) hence we needed a different method.

We note that one can approach the directed matching ratio through an algorithmic point of view, as initiated in \[[@CR11]\] via the application of the Karp--Sipser algorithm. We do not pursue this direction in the present paper, but preliminary investigations have been started with E. Csóka.

Our Contribution to Controllability of Complex Networks {#Sec2}
-------------------------------------------------------

We devote this subsection to the presentation of our results in a network theoretical language. We also highlight the relevance of the present paper for the network theoretical research community; in particular, as a follow-up of the work \[[@CR10]\] of Liu, Slotine and Barabási.
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                \begin{document}$$n_D$$\end{document}$ the proportion of the minimum number of driver nodes needed to control the network *G* to the number of nodes, as defined in \[[@CR10]\]. Our Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"} translate to Theorems [3](#FPar3){ref-type="sec"} and [4](#FPar5){ref-type="sec"} by $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D(G)=1-m(G)$$\end{document}$.

Previous results in \[[@CR8]\] and \[[@CR6]\] on the matching ratio and our Theorem [4](#FPar5){ref-type="sec"} imply that the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ is a quantity determined by the local structure of the graph. It is a natural question whether even the most local structure, namely the degrees of the vertices, determines this parameter. Liu, Slotine and Barabási approached this question through simulation: in their paper \[[@CR10]\] some particular networks are taken from the real world, and then the edges are randomly reshuffled while keeping all in- and out-degrees unchanged. More precisely, the randomization used in \[[@CR10]\] generates a random graph $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{G}}$$\end{document}$ with the same distribution as given by the random configuration model with the fixed sequence of in- and out-degrees, conditioned to be a simple directed graph (see Sect. [1.4](#Sec5){ref-type="sec"} for the definition of the model). The parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ of several real-world networks was compared with the average of this parameter over the randomized copies. (Generating a large number of random copies provides an average $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ by the Law of Large Numbers.) Their results suggested that for random graphs given by the above model, the degrees essentially determine $\documentclass[12pt]{minimal}
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The first part of our Theorem [3](#FPar3){ref-type="sec"} shows that for a random directed graph *G* given by the random configuration model with fixed in- and out-degrees, the difference between the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ is small with large probability. This result confirms the phenomenon observed in \[[@CR10]\]: with large probability, the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ of a randomized graph is close to the average, even with the randomization used in \[[@CR10]\], see Corollary [1](#FPar4){ref-type="sec"}. Our theorem compared with the results in \[[@CR10]\] also shows that the examined real-world networks could have been produced by a process that results in a random graph with distribution given by the random configuration model with fixed in- and out-degrees. Our theorem can also be used to substitute generating random networks in order to show concentration.

The second part of Theorem [3](#FPar3){ref-type="sec"} shows that even the total degrees of the network encode the controllability parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_D$$\end{document}$ if we assume that the orientation of the edges are independent. In this model we only fix the total degrees of the vertices, generate the random undirected graph, and orient each edge independently. We proved that for this model the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ with large probability. We can use this theorem only for graphs generated by the above algorithm. Such graphs have the property that the in- and out-degrees have the same distribution.

### Theorem 3 {#FPar3}

(Concentration of the controllability parameter) Consider a sequence of in- and out-degrees $\documentclass[12pt]{minimal}
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                \begin{document}$$e(G):=\sum _{j=1}^nd_j^-$$\end{document}$ the number of the edges.

\(1\) Let *G* be a random directed network on *n* vertices given by the random configuration model conditioned on the event that the in- and out-degrees are $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {\mathbb {P}}\left( |n_D(G)-{\mathbb {E}}(n_D(G))|>\varepsilon \right) \le 2\exp \left\{ -\frac{\varepsilon ^2n^2}{8e(G)} \right\} . \end{aligned}$$\end{document}$$(2) Let *G* be a random directed network on *n* vertices given by the random configuration model conditioned on the event that the total degrees of the vertices are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d_1,\dots , d_n$$\end{document}$. Then the controllability parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_D(G)$$\end{document}$ of *G* satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm {\mathbb {P}}\left( |n_D(G)-{\mathbb {E}}(n_D(G))|>\varepsilon \right) \le 2\exp \left\{ -\frac{\varepsilon ^2n^2}{8e(G)} \right\} . \end{aligned}$$\end{document}$$

### Corollary 1 {#FPar4}

(Concentration of the controllability parameter in conditioned graphs) Let the random directed graph *G* defined as in Part (1) of Theorem [3](#FPar3){ref-type="sec"} and let $\documentclass[12pt]{minimal}
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                \begin{document}$${\bar{G}}$$\end{document}$ have the same distribution, but conditioned to be a simple graph. Then the controllability parameter of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\mathrm {\mathbb {P}}\Big (\Big |n_D\big ({\bar{G}}\big )-{\mathbb {E}}(n_D(G))\Big |>\varepsilon \Big )\\&\quad =\frac{\mathrm {\mathbb {P}}\left( |n_D(G)-{\mathbb {E}}(n_D(G))|>\varepsilon , G \text { is simple}\right) }{\mathrm {\mathbb {P}}(G \text { is simple})}\\&\quad \le \frac{2}{\mathrm {\mathbb {P}}(G \text { is simple})}\exp \left\{ -\frac{\varepsilon ^2n^2}{8e(G)} \right\} . \end{aligned}$$\end{document}$$

Our Theorem [4](#FPar5){ref-type="sec"} confirms the observations of \[[@CR10]\] that the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ converges for some particular network models when the size of the networks tends to infinity. In fact, Part (1) shows that the expectation of the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ converges for any sequence of directed graphs that converges in the local weak sense. There are several network models that are known to perform this type of convergence, e.g., Erdős--Rényi random graphs, random *d* regular graphs, networks given by the random configuration model, preferential attachment graphs (see Sect. [1.4](#Sec5){ref-type="sec"} for the definitions and convergence). Part (2) and (3) implies that the graph sequences listed above have an even stronger property: their controllability parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$n_D$$\end{document}$ converges almost surely to a constant. We present these results in Corollaries [4](#FPar40){ref-type="sec"}, [3](#FPar38){ref-type="sec"}, [2](#FPar37){ref-type="sec"} in Sect. [3.2.1](#Sec10){ref-type="sec"} and Part (3) of Theorem [4](#FPar5){ref-type="sec"}. For the first three networks one can derive the limit of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_D(G_n)=1-m(G_n)$$\end{document}$ using the formula of Theorem 2 in \[[@CR6]\], see Corollaries [4](#FPar40){ref-type="sec"}, [2](#FPar37){ref-type="sec"} and Remark [6](#FPar39){ref-type="sec"} in Sect. [3.2.1](#Sec10){ref-type="sec"}.

It was observed in \[[@CR10]\] that the nodes with low degree are more likely to be driver nodes, i.e., nodes with in-degree zero in the maximal size directed matching. The method of the proof of the first part of our Theorem [4](#FPar5){ref-type="sec"} shows that this feature of the driver nodes follows naturally from the construction of a maximal size matching: the nodes with higher degrees are more likely to be matched.

### Theorem 4 {#FPar5}

(Almost sure convergence of the controllability parameter for scale-free graphs) (1) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$ be a sequence of random directed finite graphs that converges to a random rooted graph (*G*, *o*) in the local weak sense. Then $\documentclass[12pt]{minimal}
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                \begin{document}$$V^+(M)$$\end{document}$ denotes the set of the heads of the edges in *M*.
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                \begin{document}$$G_n$$\end{document}$ be a sequence of undirected finite graphs defined on a common probability space that converges almost surely in the local weak sense and let be a sequence of random directed graphs obtained from $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$ by giving each edge a random orientation independently. Then converges almost surely to the constant .

\(3\) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_n$$\end{document}$ be the sequence of random directed graphs given by the preferential attachment rule. Then $\documentclass[12pt]{minimal}
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                \begin{document}$$\lim _{n\rightarrow \infty }{\mathbb {E}}(n_D(G_n))$$\end{document}$.

Notations {#Sec3}
---------

We always consider locally finite graphs, with directed or undirected edges. We allow multiple edges and loops. Given the graphs *G* and $\documentclass[12pt]{minimal}
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                \begin{document}$$\deg _G x$$\end{document}$ for the degree of a vertex *x* in a graph *G*. If the graph *G* is directed then denote by $\documentclass[12pt]{minimal}
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                \begin{document}$$e=(x,y)$$\end{document}$ we call *x* the *tail* and *y* the *head* of the edge. Given a set *F* of edges let *V*(*F*) be the set of vertices that are incident to an edge in *F*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$V^+(F)$$\end{document}$ be the set of the tails and the heads of the edges in *F*, respectively. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_G(x,n):=\{y\in V(G): {{\text {dist}}}_G(x,y)\le n\}$$\end{document}$ be the ball of radius *n* around a vertex *x* in the graph *G* induced by the graph metric. Given a (multi)set *F* (of edges or vertices) we denote by \|*F*\| the number of elements of the set (counted with multiplicity). Let \[*n*\] be the set $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {\mathbb {P}}_G$$\end{document}$ the probability with respect to its distribution.

Directed Matchings and Graph Convergence {#Sec4}
----------------------------------------

First we define directed matchings and the matching ratio of directed graphs which are closely related to the controllability of the network.

### Definition 1 {#FPar6}

(*Directed matching and directed matching ratio*) A *directed matchingM* of a directed graph *G* is a subset of the edges such that the in- and out-degrees in the subgraph induced by *M* are at most one. The *directed matching ratio* of the finite directed graph *G* is $\documentclass[12pt]{minimal}
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                \begin{document}$$m(G):=\frac{|V^+(M_{max}(G))|}{|V(G)|}=\frac{|M_{max}(G)|}{|V(G)|}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{max}$$\end{document}$ is a maximal size directed matching of *G*. For undirected finite graphs *G* we define the matching ratio as $\documentclass[12pt]{minimal}
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                \begin{document}$$m(G):=\frac{|V(M_{max}(G))|}{|V(G)|}=\frac{2|M_{max}(G)|}{|V(G)|}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{max}$$\end{document}$ is a maximal size matching of *G*.

For possibly disconnected graphs (for instance Erdős--Rényi graphs or graphs defined by the random configuration model, see Sect. [1.4](#Sec5){ref-type="sec"}), there is another natural way to define the directed matching ratio. Viewing them as a unimodular random graph, one takes a uniformly chosen random root, and only keeps the *connected component* of this root. Then one could define the matching ratio as the size of the maximal matching of this component divided by the size of the component. Contrary to connected graphs, this later definition can give a random variable even if we consider deterministic but disconnected graphs. The reason of using Definition [1](#FPar6){ref-type="sec"} in this paper is coming from our motivating applications in controllability. In a finite directed graph the minimum number of nodes needed to control the network equals the number of vertices that have in-degree 0 in a maximal directed matching $\documentclass[12pt]{minimal}
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                \begin{document}$$|V(G)|-|M_{max}(G)|$$\end{document}$); see \[[@CR10]\]. We are thus interested in the directed matching ratio *m*(*G*) of a finite directed graph *G* provided by Definition [1](#FPar6){ref-type="sec"}, which takes the proportion of vertices of the (possibly disconnected) network that are not needed to control the dynamics of the system.

In this section we describe the relationship between the matching ratio of directed and undirected graphs. We further define the local weak convergence of graph sequences.

### Definition 2 {#FPar7}

(*Bipartite representation of a directed graph*) The *bipartite representation* of a directed graph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=(V,E)$$\end{document}$ is the bipartite graph $\documentclass[12pt]{minimal}
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                \begin{document}$$E':=\{\{v^-,w^+\}:(v,w)\in E\}$$\end{document}$.

### Remark 1 {#FPar8}

There is a natural bijection between the directed matchings of *G* and the matchings of $\documentclass[12pt]{minimal}
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                \begin{document}$$G'$$\end{document}$ which preserves the size of the matching, namely if *M* is a directed matching of *G* then $\documentclass[12pt]{minimal}
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                \begin{document}$$M\mapsto M'=\{\{v^-,w^+\}: (v,w)\in M\}$$\end{document}$. Furthermore, *M* is a directed matching of maximal size if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M'$$\end{document}$ is a maximal size matching of $\documentclass[12pt]{minimal}
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                \begin{document}$$m(G)=m(G')$$\end{document}$.

Recall, that a matching *M* of *G* has maximal size if and only if there is no augmenting path in *G* for *M*. By an augmenting path of length *k* we mean a sequence of disjoint vertices $\documentclass[12pt]{minimal}
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                \begin{document}$$(v_0,\dots ,v_{2k+1})$$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\deg _Mv_0=\deg _Mv_{2k+1}=0$$\end{document}$.

We examine sequences of networks that have bounded average degrees. Benjamini and Schramm \[[@CR2]\] introduced a notion of convergence for such graph sequences:

### Definition 3 {#FPar9}

(*Local weak convergence of graphs*) We say that the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$(G_n,o)$$\end{document}$ of locally finite random rooted graphs converge to the locally finite connected random graph (*G*, *o*) in the *local weak sense* if for any positive integer *r* and any finite rooted graph (*H*, *o*) we have $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {\mathbb {P}}\big (B_{G_n}(o,r)\simeq (H,o)\big )\rightarrow \mathrm {\mathbb {P}}\big (B_{G}(o,r)\simeq (H,o)\big )$$\end{document}$.

### Remark 2 {#FPar10}

By the local weak convergence of a sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$ of non-rooted finite graphs we always mean the convergence of the sequence with a root chosen uniformly at random among the vertices.

For some of the examined graph sequences the following stronger property holds as well:

### Definition 4 {#FPar11}

(*Almost sure local weak convergence*) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$ be a sequence of finite (directed) random graphs defined on a common probability space (if we do not specify the probability space, then we always consider the product space). We say that $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$*converges almost surely in the local weak sense* if almost every realizations of the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$(G_n)$$\end{document}$ (with respect to the probability measure of the common probability space) satisfy that the sequence of the deterministic graphs converges in the local weak sense.

Finite random graphs with a uniformly chosen root and random rooted graphs that are local weak limits of (random) finite graphs, satisfy the so-called Mass Transport Principle, see \[[@CR2]\], Sect. 3.2. The class of graphs that obeys this principle are called *unimodular* graphs.

### Definition 5 {#FPar12}

(*Unimodular graphs*) A random rooted (directed, labeled) graph (*G*, *o*) is called unimodular if it obeys the Mass Transport Principle: for every measurable real valued function *f* on the class of locally finite graphs with an ordered pair of vertices that satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathbb {E}}\left( \sum _{x\sim o}f(G,o,x)\right) ={\mathbb {E}}\left( \sum _{x\sim o}f(G,x,o)\right) . \end{aligned}$$\end{document}$$

Directed matchings and hence the matching ratio of a finite directed graph *G* can be examined using the bipartite representation $\documentclass[12pt]{minimal}
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                \begin{document}$$G'$$\end{document}$ as mentioned in Remark [1](#FPar8){ref-type="sec"}. In the next proposition, we analyze the relationship between a convergent graph sequence and its bipartite representation.

### Proposition 1 {#FPar13}
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                \begin{document}$$G_n$$\end{document}$ of random directed graphs converges to the random rooted directed graph (*G*, *o*), then the bipartite representations $\documentclass[12pt]{minimal}
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                \begin{document}$$o^+$$\end{document}$ with probability 1/2--1/2.

The converse does not hold: the convergence of the sequence of bipartite representations $\documentclass[12pt]{minimal}
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Canonical Network Models and Their Limits {#Sec5}
-----------------------------------------

Some of the examined graph sequences converge to the so-called unimodular Galton--Watson tree.

### Definition 6 {#FPar15}
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Now we present the network models examined in this paper. For each model first we define the non-directed model and present the known results on the local weak limit of the sequence, then we give the definition of the directed versions and the local weak limit of them.

**Erdős--Rényi Random Graphs**
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We define the directed Erdős--Rényi random graphs by orienting each edge of $\documentclass[12pt]{minimal}
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**Random** *d* **-Regular Graphs**
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There are two natural ways to define random directed regular graphs. The first one is if $\documentclass[12pt]{minimal}
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The next two graphs have become increasingly important in applications, because they grab important characteristics of real-world networks (scale-free networks). This is the reason why in \[[@CR10]\], which was motivated by applications of controllability, these graphs were studied.

**Random Configuration Model**

We fix a non-negative integer valued probability distribution $\documentclass[12pt]{minimal}
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If we want to define a directed graph, then we orient each edge uniformly at random independently from the other edges. We get the same distribution if after fixing the degree sequence $\documentclass[12pt]{minimal}
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**Preferential Attachment Graphs**

The notion of preferential attachment graphs was introduced by Barabási and Albert in \[[@CR1]\] and the precise construction was given by Bollobás and Riordan in \[[@CR4]\]. There are several versions of the definition of this family of random graphs which have turned out to be asymptotically the same: they all converge to the same infinite limit graph; see \[[@CR3]\]. Although in the original definitions the preferential attachment graphs are not directed, there is a natural way to give each edge an orientation and these orientations extend to the limit graph as well.

We will use the following definition from \[[@CR3]\] completed with the natural orientation of the edges: fix a positive integer *r* and $\documentclass[12pt]{minimal}
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Berger et al. proved in \[[@CR3]\] that the local weak limit of $\documentclass[12pt]{minimal}
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Concentration of the Matching Ratio in Randomized Networks---Proof of Theorem [1](#FPar1){ref-type="sec"} {#Sec6}
=========================================================================================================

In this section we prove Theorem [1](#FPar1){ref-type="sec"}, which gives a quantitative version of the following experimental observation of Liu et al. in \[[@CR10]\]: if we consider a large directed graph, and randomize the edges in such a way that does not change the in- and out-degrees of the graph, then the matching ratio does not alter significantly. Part (1) of Theorem [1](#FPar1){ref-type="sec"} shows the concentration for randomized graphs with the in- and out-degrees left unchanged. This is the result that was observed through simulations in \[[@CR10]\]. Part (2) of the theorem shows that a very similar concentration phenomenon holds even after a randomization that can change the in- and out-degrees but keeps the total degrees unchanged for every vertex. In particular, Theorem [1](#FPar1){ref-type="sec"} shows that if a graph sequence satisfies that the mean of the degree sequence is bounded with probability tending to 1 (as $\documentclass[12pt]{minimal}
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First we need a lemma that shows that modifying a (directed) graph just around a few vertices cannot alter the size of the maximal matching too much.

Lemma 1 {#FPar16}
-------

Adding some new edges with a common endpoint to an undirected finite graph or adding edges with a common head (or common tail) to a directed finite graph can increase the size of the maximal matching by at most one.

Proof {#FPar17}
-----

For directed graphs the statement follows from the undirected case, using the bipartite representation (see Definition [2](#FPar7){ref-type="sec"}). For undirected graphs let *F* be the set of new edges with common endpoint *x* and let $\documentclass[12pt]{minimal}
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Before proving the proposition, we state a version of the Azuma--Hoeffding inequality (see \[[@CR13]\], Theorem 13.2), that we will use in this paper.

Theorem 5 {#FPar18}
---------

(Azuma--Hoeffding inequality) Let $\documentclass[12pt]{minimal}
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The proof of Theorem [1](#FPar1){ref-type="sec"} uses similar methods to that of Corollary 3.27 in \[[@CR5]\], which implies the concentration of matching ratio for undirected graphs.

Proof of Theorem 1 {#FPar19}
------------------

We prove both parts of the theorem in the following way: we define random variables $\documentclass[12pt]{minimal}
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Convergence of the Matching Ratio---Proof of Theorem [2](#FPar2){ref-type="sec"} {#Sec7}
================================================================================

The goal of this section is to prove the convergence of the directed matching ratio for convergent sequences of random directed graphs. This convergence is understood in the stronger sense of almost sure convergence, as we will see, but the proof will often proceed through showing convergence in expectation and then concentration. For a fixed deterministic non-directed graph sequence that is locally convergent when a uniform root is taken, the convergence of the matching ratio is proved by Elek and Lippner in \[[@CR8]\] if there is a uniform bound on the degrees and by Bordenave, Lelarge and Salez in \[[@CR6]\] in the unbounded case. To prove the results of Liu et al. in \[[@CR10]\], we need to generalize these results to directed random graphs.

In Sect. [3.1](#Sec8){ref-type="sec"} we use the method of Elek and Lippner to prove Theorem [6](#FPar22){ref-type="sec"} on the convergence of the *expected value* of the directed matching ratio of sequences of random graphs. In Definition [7](#FPar20){ref-type="sec"} we give an extension of the definition of the expected matching ratio to unimodular random rooted graphs. By Theorem 1 in \[[@CR6]\] and our Theorem [6](#FPar22){ref-type="sec"} our definition of the expected matching ratio equals twice the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ defined in \[[@CR6]\].

In Sect. [3.2](#Sec9){ref-type="sec"} we prove the almost sure convergence of the directed matching ratios for the network models defined in Sect. [1.4](#Sec5){ref-type="sec"}.

Convergence of the Mean of the Matching Ratio---Proof of Part (1) of Theorem [2](#FPar2){ref-type="sec"} {#Sec8}
--------------------------------------------------------------------------------------------------------

Elek and Lippner proved that the non-directed matching ratio converges if $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$ is a convergent sequence of finite deterministic graphs with uniformly bounded degree; see \[[@CR8]\], Theorem 1. There are three properties of our examined models, that do not let us apply this theorem directly: our graphs do not have bounded degrees, and they are directed and random graphs. Although the degrees are not bounded in the examined models of convergent graph sequences, the expected value of the degree of the uniform random root of the random graphs has a uniform bound in each model. In Theorem [6](#FPar22){ref-type="sec"} we prove the convergence of the mean of the matching ratio for convergent sequences of random directed graphs using the method of Elek and Lippner.

One can extend the (expected) matching ratio to the class of unimodular random (directed) graphs in a natural way. For finite random graphs, the following definition gives the expected value of the matching ratio.

### Definition 7 {#FPar20}

(*Matching ratio of an infinite graph and unimodular matchings*) Let (*G*, *o*) be a unimodular random (directed) rooted graph. Then the *(expected) matching ratio* of (*G*, *o*) is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}m_E(G,o)=\sup _{M}\mathrm {\mathbb {P}}_G(o\in V^{(+)}(M)),\end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$V^{(+)}(M)$$\end{document}$ denotes the set of the endpoints of the edges in *M* in the undirected case and the set of the heads of the edges of *M* in the directed case, and the supremum is taken over all random (directed) matchings of *G* such that the distribution of (*G*, *M*, *o*) is unimodular. Matchings with this property will be called *unimodular matchings*.

### Remark 3 {#FPar21}

Let (*G*, *o*) be a random directed rooted unimodular graph and let $\documentclass[12pt]{minimal}
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                \begin{document}$$(G',o')$$\end{document}$ be its bipartite representation (see Definition [2](#FPar7){ref-type="sec"}). Then Lemma [3](#FPar26){ref-type="sec"} will imply that $\documentclass[12pt]{minimal}
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                \begin{document}$$m_E(G,o)=m_E(G',o')$$\end{document}$.

### Theorem 6 {#FPar22}
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                \begin{document}$$G_n$$\end{document}$ be a sequence of random finite (directed) graphs that converges to the random (directed) rooted graph (*G*, *o*) that has finite expected degree. Then $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {E}}(m(G_n))$$\end{document}$ converges, namely$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{n\rightarrow \infty }{\mathbb {E}}(m(G_n))=m_E(G,o). \end{aligned}$$\end{document}$$

To prove Theorem [6](#FPar22){ref-type="sec"}, we follow the method of \[[@CR8]\]. The main differences to that proof come from the lack of uniform bound on the degrees. We will define the matchings *M*(*T*) in Lemma [2](#FPar24){ref-type="sec"} as factor of IID, which helps us handle the case of unbounded degrees. For graphs with unbounded degrees, Lemma 4.1 of \[[@CR8]\] does not apply, hence we will have to proceed through Lemma [4](#FPar29){ref-type="sec"}.

### Definition 8 {#FPar23}
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                \begin{document}$${\mathcal {G}}_\star $$\end{document}$ be the set of the isomorphism classes of locally finite rooted (directed) graphs (*G*, *o*) with $\documentclass[12pt]{minimal}
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                \begin{document}$$\{c_G(v):v\in V(G)\}\cup \{c_G(e):e\in E(G)\}$$\end{document}$ on the vertices and edges, equipped with the topology generated by the sets$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\{ \begin{array}{r l} (G,o)\in {\mathcal {G}}_\star : &{}\exists \varphi :B_G(o,r)\rightarrow H \text { rooted (dir.) graph homomorphism s.t.} \\ &{}|c_G(a)-c_H(\varphi (a))|<\varepsilon , \forall a\in V(B_G(o,r))\cup E(B_G(o,r)) \end{array}\right\} , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon >0$$\end{document}$, *r* is any positive integer, *H* is any finite rooted (directed) graph with labels $\documentclass[12pt]{minimal}
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                \begin{document}$$\{c_H(a):a\in V(H)\cup E(H)\}$$\end{document}$ on the vertices and edges. A measurable function $\documentclass[12pt]{minimal}
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                \begin{document}$$f:{\mathcal {G}}_\star \rightarrow {\mathbb {R}}$$\end{document}$ is called a *factor*.

Let *G* be a (random directed) graph, let $\documentclass[12pt]{minimal}
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                \begin{document}$$c:V(G)\rightarrow [0,1]$$\end{document}$ be IID uniform random labels on the vertices and let *G*(*c*) be the random labeled graph given by the labels *c*. The collection of random variables $\documentclass[12pt]{minimal}
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                \begin{document}$$\{X_a=f((G(c),a)):a\in V(G)\cup E(G)\}$$\end{document}$ is called a *factor of IID process* if *f* is a factor.
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                \begin{document}$$M\subseteq E(G)$$\end{document}$ is called a *factor of IID (directed) matching* if there is a factor of IID process $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_a)$$\end{document}$ such that an edge *e* is in *M* if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$$X_e=1$$\end{document}$ and *M* is a matching of *G* with probability 1 with respect to the distribution of *G*(*c*).

The factor *f* in the above definition should be interpreted as a rule that gives the new labels of *G*. It follows from the measurability of *f* that a factor of IID process is locally defined in the sense that we can reconstruct the new value of the label at the root up to an arbitrary small error if we know the graph structure and the labels up to a small enough error in the neighborhood of a large enough radius.

We note, that given a unimodular random rooted graph (*G*, *o*) and a factor of IID process $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_a)$$\end{document}$ on *G*, the distribution of the labeled rooted graph $\documentclass[12pt]{minimal}
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                \begin{document}$$(G,(X_a),o)$$\end{document}$ is unimodular as well. In particular, every factor of IID matching *M* of a unimodular graph satisfies that (*G*, *M*, *o*) is unimodular.

### Lemma 2 {#FPar24}

\(1\) For any locally finite graph *G* and any $\documentclass[12pt]{minimal}
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                \begin{document}$$T>0$$\end{document}$ there is a factor of IID matching *M*(*T*) that has no augmenting paths of length at most *T*.

\(2\) If (*G*, *o*) is a random unimodular rooted graph, then$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{T\rightarrow \infty }\mathrm {\mathbb {P}}_G\left( o\in V(M(T))\right) =m_E(G,o). \end{aligned}$$\end{document}$$

### Remark 4 {#FPar25}

The above lemma holds for directed graphs as well: the statements of the lemma remain true for the pre-images of the matchings *M*(*T*) by the bijection defined in Remark [1](#FPar8){ref-type="sec"}.

The proof of part (1) of Lemma [2](#FPar24){ref-type="sec"} is similar to that of Lemma 2.2 of \[[@CR8]\], but for the sake of completeness we present it here. The main difference is that for graphs with unbounded degrees we cannot define the matchings *M*(*T*) using Borel colorings, which were used in \[[@CR8]\]. To handle the case of unbounded degrees we define *M*(*T*) as factor of IID matchings. Our language is also different, although all the claims stated for Borel matchings in \[[@CR8]\] hold for factor of IID matchings as well.

We need the following lemma for the proof of part (2) of Lemma [2](#FPar24){ref-type="sec"}.

### Lemma 3 {#FPar26}

Let (*G*, *o*) be a unimodular random rooted graph. Then if a unimodular matching *M* of *G* satisfies that there are no augmenting paths of length at most *k*, then$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {\mathbb {P}}(o\in V(M))\ge m_E(G,o)-1/k. \end{aligned}$$\end{document}$$

### Proof {#FPar27}
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                \begin{document}$$\varepsilon $$\end{document}$ and *k*, any unimodular matching *M* that has no augmenting path of length at most *k* satisfies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {\mathbb {P}}(o\in V(M))\ge m_E(G,o)-\varepsilon -1/k. \end{aligned}$$\end{document}$$This implies the statement of the lemma. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\varepsilon $$\end{document}$ be a fixed unimodular matching that satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$m_E(G,o)-\mathrm {\mathbb {P}}(o\in V(M_\varepsilon ))\le \varepsilon $$\end{document}$. Consider the symmetric difference $\documentclass[12pt]{minimal}
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                \begin{document}$$M\bigtriangleup M_\varepsilon $$\end{document}$, that is a disjoint union of paths and cycles, which alternately consists of edges of *M* and $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\varepsilon $$\end{document}$ by the definition of matchings. We will bound $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {\mathbb {P}}(o\in V(M_\varepsilon )\setminus V(M))$$\end{document}$ from above by 1 / *k*, which implies ([6](#Equ6){ref-type=""}) by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {\mathbb {P}}(o\in V(M))\ge \mathrm {\mathbb {P}}(o\in V(M_\varepsilon ))-\mathrm {\mathbb {P}}(o\in V(M_\varepsilon )\setminus V(M)). \end{aligned}$$\end{document}$$If a vertex *x* of *G* is in $\documentclass[12pt]{minimal}
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                \begin{document}$$V(M_\varepsilon )\setminus V(M)$$\end{document}$, then there is an alternating path consisting of at least $\documentclass[12pt]{minimal}
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                \begin{document}$$M\bigtriangleup M_\varepsilon $$\end{document}$ starting from *x* with an edge of $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\varepsilon $$\end{document}$ by the assumption on *M*. Define the following mass transport: let $\documentclass[12pt]{minimal}
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                \begin{document}$$M_\varepsilon \bigtriangleup M$$\end{document}$ (there is exactly *k* such *y*, by our previous observation on the alternating path starting from *x*). Let $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x,y,(G,M\bigtriangleup M_\varepsilon ))$$\end{document}$ be 0 otherwise. Note that each vertex receives mass at most 1. The labeled graph $\documentclass[12pt]{minimal}
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                \begin{document}$$(G,M\bigtriangleup M_\varepsilon ,o)$$\end{document}$ is unimodular, hence we have by the Mass Transport Principle that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {\mathbb {P}}(o\in V(M_\varepsilon )\setminus V(M))$$\end{document}$. $\documentclass[12pt]{minimal}
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### Proof of Lemma 2 {#FPar28}

We assign to each vertex *x* of *G* a uniform random \[0, 1\]-label *c*(*x*). First we note that with probability 1 all the labels are different, so we can assume this property. Furthermore, we can decompose each label *c*(*x*) into countably many labels $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V_{T,1}:=&\left\{ x\in V: c_{T,1}(x)<c_{T,1}(y) \text { for every } y\in B_G(x,6T)\right\} , \\ V_{T,j}:=&\left\{ x\in V \Bigg \backslash \left( \bigcup _{l=1}^{j-1}V_{T,l}\right) : c_{T,j}(x)<c_{T,j}(y) \text { for every } y\in B_G(x,6T)\right\} , \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
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                \begin{document}$$j\ge 2$$\end{document}$. Since the labels are uniform in \[0, 1\], we get a partition with probability one.
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                \begin{document}$$T=1$$\end{document}$) and let *k*(*n*) be a fixed sequence that consists of positive integers and contains each of them infinitely many times. To define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_n(T)$$\end{document}$ we improve the matching $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{n-1}(T)$$\end{document}$ in all the balls *B*(*x*, 3*T*) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in V_{T,k(n)}$$\end{document}$: we improve using the augmenting path of length at most *T* lying in *B*(*x*, 3*T*) with the maximal sum of $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{T,0}$$\end{document}$-labels of the vertices and we repeat this as long as there are short augmenting paths. The number of vertices in *B*(*x*, 3*T*) that are incident to edges of the matching increases in each step, hence we can make only a finite number of improvements in each ball. Since for all *n* the balls in $\documentclass[12pt]{minimal}
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Since we do not assume the existence of a uniform bound on the degrees, we need a lemma that plays the role of Lemma 4.1 of \[[@CR8]\].

### Lemma 4 {#FPar29}
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A possible way to view the statement of the lemma is the following: whenever we color a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta $$\end{document}$ "fraction" of the vertices red, less than an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$ "fraction" of vertices will have a red vertex in distance at most *n*.

### Proof {#FPar30}
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### Proof of Theorem 6 {#FPar31}

First we note that by Remark [1](#FPar8){ref-type="sec"} and Proposition [1](#FPar13){ref-type="sec"} it is enough to prove the theorem for non-directed graphs.
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Almost Sure Convergence of the Directed Matching Ratio {#Sec9}
------------------------------------------------------

We will examine the network models described in Sect. [1.4](#Sec5){ref-type="sec"}. As referred there, each model has a local weak limit, hence Theorem [6](#FPar22){ref-type="sec"} shows that the expected values of the directed matching ratios converge. In this section we will show that almost sure convergence holds as well.
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### Remark 5 {#FPar32}

Skorokhod's Representation Theorem states that for a weakly convergent sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _n\rightarrow \mu $$\end{document}$ of probability measures on a complete separable metric space *S* there is a probability space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\Omega ,{\mathcal {F}},{\mathcal {P}})$$\end{document}$ and *S*-valued random variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_n$$\end{document}$ and *X* with distributions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _n$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$, respectively, such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_n\rightarrow X$$\end{document}$ almost surely.

One could think that Skorokhod's Theorem could be applied for the graph sequences that we consider, and get the convergence of the matching ratio for almost every sequence, using Theorem [6](#FPar22){ref-type="sec"}. This argument does not work for our purpose, because in Skorokhod's Theorem, the coupling between the finite graphs is coming from the theorem, while in the case of the preferential attachment graphs there is given a joint probability space by construction, that contains them all.

We present two distinct methods to prove the existence of the almost sure limit of the matching ratio of a convergent graph sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$. The first one can be applied for the random graph models of Sect. [1.4](#Sec5){ref-type="sec"} that are defined by giving the edges independent orientations. We use this method in Sect. [3.2.1](#Sec10){ref-type="sec"} to prove part (2) of Theorem [2](#FPar2){ref-type="sec"}. We show in Lemma [5](#FPar33){ref-type="sec"} that if we give the edges of a converging *deterministic* graph sequence uniform random orientations, then the obtained graph sequence converges almost surely in the local weak sense (see Definition [4](#FPar11){ref-type="sec"}) to the same limiting graph with randomly oriented edges. Applying this result to the sequences of Erdős--Rényi random graphs and the random configuration model, which are known to converge almost surely in the non-directed case, the almost sure convergence of the matching ratio follows by Theorem [6](#FPar22){ref-type="sec"}.

We apply the approach with the second type of argument to preferential attachment graphs in Sect. [3.2.2](#Sec11){ref-type="sec"}. The first method does not apply to this class of graphs, because the orientations of the edges are not independent and we cannot start from an a priory almost sure convergence of the undirected graph sequence. We will show that the matching ratio of $\documentclass[12pt]{minimal}
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                \begin{document}$$G_n$$\end{document}$ is concentrated around its expected value, which together with Theorem [6](#FPar22){ref-type="sec"} on the convergence of the mean of the matching ratio implies the almost sure convergence.

### Directed Versions of Almost Surely Convergent Graph Sequences---Proof of Part (2) of Theorem [2](#FPar2){ref-type="sec"} {#Sec10}

In this section we prove Part (2) of Theorem [2](#FPar2){ref-type="sec"}. As a consequence, we have that the directed matching ratios of sequences of random regular graphs, graphs given by the random configuration model and Erdős--Rényi random graphs converge almost surely, see Corollary [3](#FPar38){ref-type="sec"}, Theorem [2](#FPar37){ref-type="sec"} and Corollary [4](#FPar40){ref-type="sec"}, respectively.

First we prove Lemma [5](#FPar33){ref-type="sec"} on the almost sure convergence of a sequence of random directed graphs (see Definition [4](#FPar11){ref-type="sec"}) obtained from a convergent deterministic graph sequence by giving independent uniform orientation to the edges. This lemma implies Part (2) of Theorem [2](#FPar2){ref-type="sec"}.

The graph sequences examined in this section are known to converge almost surely in the undirected case. It follows by Part (2) of Theorem [2](#FPar2){ref-type="sec"} that their directed matching ratios converge almost surely. By our Proposition [1](#FPar13){ref-type="sec"} and Theorem 2 in \[[@CR6]\] on the limit of the matching ratio of convergent graph sequences, one can compute the value of the limit of the directed matching ratio when the limit is a unimodular Galton--Watson tree. In Corollaries [3](#FPar38){ref-type="sec"} and [4](#FPar40){ref-type="sec"} we also present the results given by this argument.

#### Lemma 5 {#FPar33}
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                \begin{document}$$G_n$$\end{document}$ by giving a random uniform orientation to each edge uniformly independently. Then the sequence converges almost surely in the local weak sense to , which is the random rooted graph obtained from (*G*, *o*) by orienting each edge independently.

#### Proof of Theorem 2 {#FPar34}

*Part (2)* Consider a sequence of random directed graphs obtained by giving a uniform random orientations to the edges of a sequence of undirected random graphs $\documentclass[12pt]{minimal}
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The proof of Lemma [5](#FPar33){ref-type="sec"} essentially follows the proof of Proposition 2.2 in \[[@CR7]\]. The main difference is that we had to generalize the proof to graph sequences without a uniform bound on the degrees.

#### Proof of Lemma 5 {#FPar35}

To handle the case of unbounded degrees, we consider the following neighborhoods of the vertices: for any graph *G* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in V(G)$$\end{document}$ denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B^-_{G}(v,r)$$\end{document}$ the subgraph of *G* obtained from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{G}(v,r)$$\end{document}$ by removing all edges with both endpoints being at distance *r* from *v*. Then the local weak convergence of the sequence of the finite (directed) random graphs $\documentclass[12pt]{minimal}
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Fix any positive integer *r* and any finite directed rooted graph . Let *H* be the rooted non-directed graph obtained from by forgetting the orientations of the edges, and suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {\mathbb {P}}(B^-_G(o,r)\simeq H)>0$$\end{document}$. Denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b(G_n)$$\end{document}$ and the number of vertices *v* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_n$$\end{document}$ and such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B^-_{G_n}(v,r)\simeq H$$\end{document}$ and , respectively. We show that almost surely converges to . Since this holds for any , the lemma follows.

Let *h* be the probability that the graph obtained from *H* by giving each edge a random orientation independently is isomorphic to . Then . We will show thatThe statement of the lemma follows from this, because the assumption on the convergence of $\documentclass[12pt]{minimal}
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To show ([8](#Equ8){ref-type=""}), we note that if two vertices *x*, *y* in $\documentclass[12pt]{minimal}
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The directed versions of the first three graph models of Sect. [1.4](#Sec5){ref-type="sec"} are given by orienting the edges of the non-directed versions independently. We use the following consequence of Theorem 3.28 in \[[@CR5]\] for the almost sure convergence of the directed random configuration model (see Sect. [1.4](#Sec5){ref-type="sec"} for the definition):

#### Theorem 7 {#FPar36}
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A corollary of Part (2) of Theorems [2](#FPar2){ref-type="sec"} and [7](#FPar36){ref-type="sec"} is the almost sure convergence of the sequence of graphs obtained by the random configuration model and the matching ratio of it. The connected component of the root $\documentclass[12pt]{minimal}
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#### Corollary 2 {#FPar37}

(Almost sure convergence of the directed matching ratio of the random configuration model) Let $\documentclass[12pt]{minimal}
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The sequence of random directed *d*-regular graphs is a special case of the random configuration model (with degree distribution $\documentclass[12pt]{minimal}
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#### Corollary 3 {#FPar38}

(Almost sure convergence of the directed matching ratios of directed random regular graphs) Let $\documentclass[12pt]{minimal}
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#### Remark 6 {#FPar39}
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For directed Erdős--Rényi graphs one can compute the exact value of the almost sure limit of the matching ratio, using the results of \[[@CR9]\] or Theorem 2 in \[[@CR6]\].

#### Corollary 4 {#FPar40}

Let be a sequence of directed Erdős--Rényi graphs with parameter 2*c*. Then almost surely$$\documentclass[12pt]{minimal}
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#### Proof {#FPar41}

According to Sect. [1.4](#Sec5){ref-type="sec"} and Lemma [5](#FPar33){ref-type="sec"}, the sequence of directed Erdős--Rényi random graphs converge almost surely in the local weak sense to , and hence , where *Poi*(2*c*) denotes the Poisson distribution with parameter 2*c*. The connected component of the root in the bipartite representation of has distribution *UGW*(*Poi*(*c*)), which is the almost sure local weak limit of the non-directed Erdős--Rényi random graphs $\documentclass[12pt]{minimal}
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### Preferential Attachment Graphs---Proof of Part (3) of Theorem [2](#FPar2){ref-type="sec"} {#Sec11}

In this section we show that the directed matching ratio of a graph sequence given by the preferential attachment rule converges almost surely, see Theorem [8](#FPar42){ref-type="sec"}. The orientations of the edges of this class of graphs are given naturally by the recursive definition, and differ significantly from the independent random orientation. Thus we cannot apply the results of Sect. [3.2.1](#Sec10){ref-type="sec"}. This sequence also does not satisfy the assumption of \[[@CR10]\] that the distributions of the in- and out-degrees are the same (which was assumed to simplify the calculations made there), hence the value of the limit of the matching ratio for this class was not examined in that paper. However, the almost sure convergence of the directed matching ratios holds for this class of graph sequences as well, as we show in the next theorem.

#### Theorem 8 {#FPar42}

(Almost sure convergence of the matching ratio of preferential attachment graphs) Let $\documentclass[12pt]{minimal}
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We will prove the concentration of the matching ratios around their expected value, which together with the results of \[[@CR3]\] on the local weak convergence of $\documentclass[12pt]{minimal}
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#### Remark 7 {#FPar43}

It follows from the concentration shown in the proof, that the almost sure local weak convergence holds for any joint distribution of the graphs $\documentclass[12pt]{minimal}
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#### Proof of Theorem 8 {#FPar44}

Fix *n* and denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_n[k]$$\end{document}$ the subgraph of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_n$$\end{document}$ spanned by the vertices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{1,\dots ,k\}$$\end{document}$. Let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X_k:={\mathbb {E}}\left( |M_{max}(G_n)|\,\Big |\,G_n[k]\right) -{\mathbb {E}}\left( |M_{max}(G_n)|\,\Big |\,G_n[k-1]\right) . \end{aligned}$$\end{document}$$We will show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|X_k|\le 2r$$\end{document}$ almost surely for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in [n]$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y_k:={\mathbb {E}}\left( |M_{max}(G_n)|\Big |G_n[k]\right) $$\end{document}$ is a martingale, we can apply the Azuma--Hoeffding inequality (Theorem [5](#FPar18){ref-type="sec"}) to the random variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_k$$\end{document}$. It follows that for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c>0$$\end{document}$ we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm {\mathbb {P}}\left( |m(G_n)-{\mathbb {E}}(m(G_n))|>c \right)&=\mathrm {\mathbb {P}}\left( |X_1+\dots +X_n|>cn \right) \\&\le 2\exp \left\{ -\frac{(cn)^2}{2\sum _{k=1}^n \Vert X_k\Vert _\infty ^2} \right\} \\&\le 2\exp \left\{ -\frac{c^2n^2}{8nr^2} \right\} . \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{k\rightarrow \infty }{\mathbb {E}}(m(G_k))$$\end{document}$ exists by Theorem [6](#FPar22){ref-type="sec"}, for *n* large enough to satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\mathbb {E}}(m(G_n))-\lim _{k\rightarrow \infty }{\mathbb {E}}(m(G_k))|<c/2$$\end{document}$ we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm {\mathbb {P}}\left( |m(G_n)-\lim _{k\rightarrow \infty }{\mathbb {E}}(m(G_k))|>c \right)&\le \mathrm {\mathbb {P}}\left( |m(G_n)-{\mathbb {E}}(m(G_n))|>\frac{c}{2} \right) \\&\le 2\exp \left\{ -\frac{c^2n}{32r^2} \right\} . \end{aligned}$$\end{document}$$It follows that these probabilities are summable in *n* for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c>0$$\end{document}$, which implies the almost sure convergence of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m(G_n)$$\end{document}$ by the Borel--Cantelli lemma.

What remains to show is that for any fixed pair of directed graphs *F* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F'$$\end{document}$ on the vertex set \[*k*\] with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F[k-1]=F'[k-1]$$\end{document}$, the inequality$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \bigg |{\mathbb {E}}\Big (|M_{max}(G_n)|\,\Big |\, G_n[k]=F \Big )-{\mathbb {E}}\Big (|M_{max}(G_n)|\,\Big |\, G_n[k]=F' \Big )\bigg |\le 2r \end{aligned}$$\end{document}$$holds. This implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|X_k|\le 2r$$\end{document}$.

Fix *F* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F'$$\end{document}$ as above. For any possible configuration of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_n$$\end{document}$, denote by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} h(G_n):=\left\{ (\ell ,j)\in E(G_n): \ell >k, (k,j)\notin E(F)\cup E(F')\right\} \end{aligned}$$\end{document}$$the subset of the edges of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_n$$\end{document}$ with tails in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{k+1,\dots ,n\}$$\end{document}$ that do not have a common head with the edges in the graphs *F* or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F'$$\end{document}$ with tail *k*. The proof of inequality ([12](#Equ12){ref-type=""}) is based on two observations: first, by the definition of the preferential attachment graph, the distribution of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h(G_n)$$\end{document}$ conditioned on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{G_n[k]=F\}$$\end{document}$ is the same as conditioned on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{G_n[k]=F'\}$$\end{document}$ (note the symmetry in *F* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F'$$\end{document}$ in the definition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h(G_n)$$\end{document}$). Second, for any configuration of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_n$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_n[k]=F$$\end{document}$, the size of the maximal matching changes by at most 2*r* if we fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h(G_n)$$\end{document}$, set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_n[k]:=F'$$\end{document}$ and vary arbitrary the heads of the edges with tails in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{k+1,\dots ,n\}$$\end{document}$ that are not in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h(G_n)$$\end{document}$. This follows from Lemma [1](#FPar16){ref-type="sec"} by the following argument. For any fixed *H* we obtain any graph in the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{G_n:G_n[k]=F,h(G_n)=H\}$$\end{document}$ by adding new edges with heads in the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{j: (k,j)\in E(F)\cup E(F')\}$$\end{document}$ of size at most 2*r* to the graph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_H$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(G_H):=[n]$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E(G_H):=E(F[k-1])\cup H$$\end{document}$. It follows from Lemma [1](#FPar16){ref-type="sec"} that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |M_{max}(G_H)|&\le {\mathbb {E}}\Big (|M_{max}(G_n)|\,\Big |\,G_n[k]=F,h(G_n)=H\Big ) \nonumber \\&\le |M_{max}(G_H)|+2r, \end{aligned}$$\end{document}$$and the same holds with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F'$$\end{document}$ in the place of *F*. This proves the second observation.

Using the first observation and ([13](#Equ13){ref-type=""}) the left hand side of ([12](#Equ12){ref-type=""}) can be estimated from above by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\sum _{H} \bigg | {\mathbb {E}}\left( |M_{max}(G_n)|\Big |G_n[k]=F,h(G_n)=H\right) \mathrm {\mathbb {P}}\left( h(G_n)=H\Big |G_n[k]=F\right) \\&\quad \qquad - {\mathbb {E}}\left( |M_{max}(G_n)|\Big |G_n[k]=F',h(G_n)=H\right) \mathrm {\mathbb {P}}\left( h(G_n)=H\Big |G_n[k]=F'\right) \bigg | \\&\qquad \le \sum _{H} \mathrm {\mathbb {P}}\left( h(G_n)=H\,\Big |\,G_n[k-1]=F[k-1]\right) \\&\quad \qquad \cdot \bigg | {\mathbb {E}}\left( |M_{max}(G_n)|\,\Big |\,G_n[k]=F,h(G_n)=H\right) \\&\quad \qquad -{\mathbb {E}}\left( |M_{max}(G_n)|\,\Big |\,G_n[k]=F',h(G_n)=H\right) \bigg | \\&\quad \le \sum _{H} \mathrm {\mathbb {P}}\left( h(G_n)=H\,\Big |\,G_n[k-1]=F[k-1]\right) \cdot 2r \\&\quad =2r \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

**Publisher\'s Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Open access funding provided by MTA Alfréd Rényi Institute of Mathematics (MTA RAMKI). We are grateful to the referees for the valuable comments that helped improve the results. We thank Gábor Pete for his comments on the manuscript. Our work was partially supported by the European Research Council Consolidator Grant 648017 (DB), the Hungarian National Research, Development and Innovation Office, NKFIH Grant K109684 (ÁT), and Grant LP 2016-5 of the Hungarian Academy of Sciences (ÁT).
